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ABSTRACT A hydrodynamic theory of rigid-rod micellar solutions is presented. The previously omitted 
intermicelle interactions are incorporated by generalizing the Onsager theory for nematic liquid crystals to 
account for polydispersity and self-assembly in the presence of flow. The micellar size distribution is derived 
as a function of shear rate in the form of a highly nonlinear integral equation. A numerical iteration procedure 
has been developed to simulate the solution to this integral equation. It is found that intermicellar repulsion 
postpones the micellar growth (Macromolecules 1991,24,3004) in flow to higher shear rates. 

I. Introduction 
Hydrodynamics of self-assembling micellar solutions is 

a relatively new subject and is not well understood despite 
its fundamental importance to practical applications. Over 
the past decade several experimental papers have ap- 
peared, some discussing the viscoelastic behavior of rodlike 
micelles in surfactant solutions,2 some reporting light 
scattering measurements of the diffusion coefficient? some 
addressing drag reduction in turbulence (DRT) by sur- 
factant aggregates,415 and others dealing with so-called flow- 
induced supramolecular structures (SIS) in sheared mi- 
cellar s0lution.67~ There seems to be a connection between 
DRT and SIS based on the view that SIS should also form 
in turbulent flow and may be responsible for the drag 
reduction. In order to probe such a connection, one needs 
to study SIS in detail both experimentally and theoret- 
ically. If there were SIS, what are they? How are they 
formed? How can one experimentally probe them directly 
rather than infer them from rheological measurements? 
One crucial question is whether formation of supramo- 
lecular structures in shear flow is the only explanation for 
the viscosity increase with shear rate or whether other 
uncovered flow effecta can account for the shear-thickening 
behaviors observed in many ionic surfactant s0lutions.6*~ 

Two approaches have been proposed to provide a 
theoretical interpretation of the shear-thickening behavior 
of micellar  solution^.^*^ By formulating a kinetic reaction- 
rate equation for micellar distribution and considering 
collinear collisions between micelles, Cates and Turner 
find that elongational flow is more effective in inducing 
micellar growth than a simple shear flow. One reason for 
why this conclusion is reached is that the association and 
dissociation rates for micelle formation and scission are 
assumed to remain the same in both quiescence and flow. 
Along a different line where the steady-state shear-rate- 
dependent micellar size distribution is derived, it was 
demonstrated in contrast to the conclusions of ref 9 that 
the average micellar size becomes significantly bigger upon 
increasing shear rate I’ while the micelles shrink in size 
under a uniaxial extensional flow field. Furthermore, for 
a dilute surfactant solution containing rodlike micelles, 
we showed that the micellar growth in the absence of in- 
termicellar interactions does not contribute to the viscosity 
buildup with shear rate.l’ 

Although the prediction of increasing micellar size with 
shear rate is an important one (and needs to be experi- 
mentally verified) and may help understand the drag 
reduction by surfactant aggregates, it does not explain 
the experimental data on the SIS-forming systems?s7 Most 
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importantly, we have completely omitted8 in our formu- 
lation the intermicellar repulsive interactions which be- 
come more and more nonnegligible as the micelles grow 
with r. 

In this paper we recognize that a reliable model of rheo- 
logical properties of micellar solutions should include in- 
termicellar (electrostatic or steric) interactions. It is 
expected that the excluded-volume interaction will pro- 
hibit significant micellar growth in shear flow. It remains 
to be seen what the rheological implications are when the 
interaction is taken into account. In section I1 we introduce 
our hydrodynamic theory for micellar solutions which 
incorporates micelle-micelle interactions for the f i t  time, 
and in section I11 numerical results are presented. 

11. Dynamics of Interacting Micelles 

A. Excluded-Volume Interactions. Steric repulsion 
between rodlike particles, either charged or neutral, can 
be described in terms of the particle orientational dis- 
tribution.I2 If the particles are uniformly distributed in 
space, then the leading term of the excluded-volume 
interaction is linearly proportional to the particle density 
with higher order terms negligible for dlL << 1 where d 
and L are the diameter and length of the rodlike particle. 
It is straightforward to generalize the Onsager theory to 
a polydisperse and self-assembling system such as rigid- 
rod micelles. Suppose the distribution function Xn(u) is 
the mole fraction of surfactants forming micelles with 
aggregation number n and orientation u and pa designates 
the surfactant number density in the solution. Then the 
concentration of n-sized micelles with orientation u is given 
by [paxn(u)ln]. A rodlike micelle of size (aggregation 
number) n in the solution has the following excluded- 
volume interaction potential (in units of ~ B T  = 1) 

(2.la) 

where the excluded-volume function /3(u,u’) is given by 

j3(u,u’) = 2LnLndeff sin y (2.lb) 
Here y is the angle between u and u’; Ln and Lnl are the 
lengths of two micelles: L, = (n/m)d where m = minimum 
aggregation number of a (spherical) micelle and d = 
diameter of the micelles. The effective micellar diameter 
d,ff > d is introduced to incorporate the electric double- 
layer interaction which is on the order of the double-layer 
thickness. By definition, the mole fraction function Xn(u) 
normalizes to unity through summation over n and 
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integration over u 0: 
(r,q = ~ ( ~ , ~ ) , - ~ [ ~ 1 / ~ ~ i n ( ~ ~ ) l - ( i , ( ~ , l x . I )  x 

n 

x[B(r ,n) lda  ,c[rrl/2sin(2a)l+U.(a,lx,l) + 13 (2.5) 

whereB and C are integration constants which may depend 
on n and shear rate r. The dimensionless constant G = 
F/2Dr(n). Constant B can be determined by using the 
boundary condition xn(r,0=O) = xn(r,e=r). Constant C 
is obtained by comparison between (2.5) and the equi- 
librium function (2.3a). Finally the explicit expression 
for the mole fraction distribution x,(r,e) is given by 
xn(r,e) const x n~ne-C[B-(l/2)sin(28)1-U.(B,(~.1) x 

I [ ( e r G  - l)JoBda eC[a-(1/2)sin(2a)l+U,(a,(x"l) 

In equilibrium (absence of a macroscopic flow field), 
the distribution xtp(u) assumes the following form of an 
integral equation13 

x?(u) = const X n&" exp[-U,,(u,{x?])I (2.3a) 
where const is determined through the normalization 
condition (2.21, namely 

const = [En&," exp[-Un(u,(~~))ll-' (2.3b) 

XO is a phenomenological quantity controlling the micellar 
sizes in the equilibrium solution. The highly nonlinear 
integralequation (2.3a) with (2.3b) has the same structure 
as that of Onsager's for nematic liquid crystals,12 except 
for being complicated by the additional variable n which 
leads to polydispersity. Here we choose to solve the 
integral equation (2.3a) and the one below in (2.6) via 
numerical iteration instead of by spherical-harmonic 
expansion.13J4 
B. Micelle Orientation in Shear Flow. When both 

Brownian rotational motion and flow alignment are 
important, the nonequilibrium statistical mechanical 
description of rodlike particles in shear becomes difficult. 
This is mainly due to the rotational component in a simple 
shear flow and therefore to the absence of a stable position 
associated with a "potential" minimum. Unable to treat 
the effects of shear flow as a potential, one resorts to the 
standard formulation of Brownian motion in the presence 
of an external field and writes down a Smoluchowski type 
diffusion equation (SDE) for the orientational distribution. 
This partial differential equation cannot be analytically 
solved even in the steady-state limit, making the analysis 
rather complicated. In dealing with the rheology of ly- 
otropic liquid-crystalline polymer solutions, Marrucci and 
Maffettone15 were the first to simplify the SDE to an 
ordinary differential equation by considering a two- 
dimensional analogue. Their approach was later justified 
by a three-dimensional calculation.16 We have adopted 
this simplified picture and formulated a hydrodynamic 
treatment of flow behaviors of dilute micellar solutions.8 
It was found that in the absence of intermicellar inter- 
actions micelles can get longer in shear than in the 
quiescent state. Of course, we only expected the single- 
particle approximations to be applicable in the extremely 
dilute limit: It is possible that excluded-volume effects 
will work against micellar growth and invalidate our 
previous results. 

In this paper, we neglect any flexibility of the cylindrical 
micelles and take the two-dimensional version of the 
Smoluchowski equation for the orientational (angular) 
dependence of the mole fraction Xn(B). For a simple shear 
flow vo = FyR, we have 

n 

ax,(e,t)iat = D,(n>(a/ae) [ax,/ae + xnaun/ae + 
(r/D,)(sin e?x,I (2.4) 

where D,(n) = 4 k ~ T / ' ~ l & n ~  is the rotational diffusion 
coefficient of the n micelle which scales as n-3 with n the 
aggregation number and Un in (2.la,b). The steady-state 
Xn(I",B) can be derived by integrating (2.4) with axnlat = 

where const is similarly defined as in (2.3b). The parameter 
X is now so chosen that the normalization condition is 
satisfied by (2.6). Equation 2.6 represents a set of highly 
complex nonlinear integral equations labeled by n since 
Un depends on {xn(d)]. At first glance, solution of (2.6) 
appears formidable. Below we will apply our newly 
developed direct simulation method14 to the present 
situation. 

111. Results 

volume potential Un in a more explicit form 
We begin our evaluation of (2.6) by writing the excluded- 

unce,(xn)) = [2P~X(d/m)~d,fflnEJ~de' sin(l8 - e'i)xnw) 
n' 

(3.1) 
whereL, = n(d/m) iswritteninto(2.lb) andp, bydefmition 
is given by the product of the total number density of 
molecules PT and the total molar fraction of surfactant 

PT = p,(l + x) = (6.023 X 1OZ3/18) ~ m - ~  = 0.033 k3 as that 
of water for x << 1. Thus the value in square brackete in 
frontof (3.1) is 1.338x'wherex'=x(d,tfld). Sothequantity 
(d,tJd) can be regarded as the second phenomenological 
variable. In the expression (2.6) this parameter appears 
together with the total surfactant molar fraction x as a 
product and therefore different sets of values for x and 
( d d d )  may correspond to the same value of x'. 

First consider a micellar solution in quiescence. For a 
given value of x', i.e., a given surfactant molar fraction x 
= x'(d/d,ff), the parameter XO in (2.3) can be freely varied 
to match the experimental situation. As XO increases, the 
solution of (2.3a,b) transforms from the isotropic state 
where x?( u) is independent of uto the nematic state where 
micelles are uniaxially oriented around a particular 
direction with longer ones better oriented. In this paper, 
we choose to consider an isotropic dilute solution in equi- 
librium. Let us take x' (defined in the previous paragraph) 
to be x' = and pick XO = 0.9996 so that the peak of 
the micellar size distribution is around n = 2000. Once 
these two variables x' and XO are chosen, the solution of 
(2.3a,b) with (3.1) simplyamountstoaniterationbeginning 
with an initial trial function x: = n&,"/Znn&". At  every 
iterative step, the normalized x$ is inserted into Un on 
the right-hand side of (2.3a), and the normalized xpl' on 
the left-hand side is obtained once the const is computed 
according to (2.3b): const(i) = [Cnn&," exp[-Un(u, 
( ~ ~ ~ ' J ) 1 - 1 .  The finalsolution is reached when this iterative 
procedure converges to a fixed x: = xEq where const is 

molecules in solution. Let us take d = 20 x , m = 20, and 
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Figure 1. Micellar size distribution. The thin line represente 
the equilibrium distribution. 

found to be const = 7.5 X lo+. 
When the micellar solution is subjected to a simple shear 

flow with shear rate I', we need to solve the more complex 
integral equation (2.6). The same x' = lo4 is inserted 
into (3.1) and (2.6). Now in addition to the numerical 
iteration described above, the value for the adjustable 
parameter X is selected so that the const in (2.61, which 
is the reciprocal of the summations of the right-hand side 
of (2.6) over n and 0, equals 7.5 X For example, for 
the shear rates r = 100, lo3, 5 X lo3, and lo4 s-l, the values 
of X are respectively 0.999 64, 0.999 72, 0.999 78, and 
0.999 82. We plot the micellar size distribution Xn(r) = 
J,fdO x,(r,e) for these values of I' in Figure 1. As expected, 
the micelles do not grow substantially; rather, the pop- 
ulations of different sizes are simply redistributed among 
themselves. It is not clear to us how to observe these 
changes in the size distribution with shear rates in a micelle- 
flow experiment. At  still higher shear rates than consid- 
ered here, a tail may start to develop in Xn(r) versus n 
where micellar growth is no longer prevented by inter- 
micellar interactions since the interactions are diminishing 
upon increasing flow alignment. 

It is instructive to calculate the order parameter for 
alignment S(n,r) as a function of micellar size n for 
different shear rates r. This parameter in two dimensions 
is defined as 

S(n,r) = S,"de [2(cOs el2 - ilx,cr,e)/So.de x,(r,e) (3.2) 

It indicates the degree of orientation of an n micelle along 
the shear flow direction X at a given shear rate r. In the 
absence of intermicelle interactions, S(n,I') increases with 
micellar size n for a fixed I?; i.e., the longer the micelle, the 
better it is aligned by the flow.8 However, our present 
results according to (3.2) and (2.6) are a bit surprising in 
that at high shear rates S does not monotonously increase 
with n, as shown in Figure 2. This is due to the coupling 
of the anisotropic intermicellar interaction to the shear 
flow. At high enough shear rates, the long micelles find 
themselves in an environment similar to a nematic phase. 
It is known that shear flow can reduce the orientational 
order of polymeric liquid crystals, resulting in a negative 
normal stress difference. We have shown elsewhere17 that 
for a lyotropic nematic liquid-crystalline polymer solution 
at a given shear rate the alignment order parameter S is 
not a monotonously increasing function of the polymer 
concentration which determines the strength of the On- 
sager excluded-volume interaction. This decrease of ori- 
entational ordering with increasing concentration is the 
prelude to the onset of a flow instability where the ne- 
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Figure 2. Orientational order parameter S for micelles of all 
sizes in the solution. 

matic director tumbles. Since the interaction strength is 
directly proportional to the particle size (the aggregation 
number n for micelles), our finding in Figure 2 is consistent 
with the recent resultd7 for liquid-crystalline polymers. 
It is also interesting to see that for different values of r 
the order parameters S(n,r) all reach the same maximum 
value as a function of the aggregation number n, with the 
position of the peak shifting toward smaller n for larger 
r. At present, we do not know how to explore the 
implication of this behavior nor is it obvious how the 
decrease of S with n is manifested in the experiment. 

In summary, we have developed a tentative molecular- 
level hydrodynamic theory for rodlike micellar solutions. 
With the intermicelle interactions incorporated, this theory 
is, in principle, applicable to micellar solutions up to their 
nematic phase. In the present study, only one concen- 
tration was considered. The effect of concentration comes 
in through Un of (3.1) in (2.6). At a higher concentration 
than considered here, the effect of flow is enhanced and 
similar curves as shown in Figures 1 and 2 can be seen at 
smaller shear rates. To describe columnar/hexagonal and 
lamellar phases of surfactant solutions in flow will require 
considerable modification of the present theory to account 
for spatial orderings. In comparison to the noninteracb 
ing systems, the intermicellar interaction is found to work 
against a significant micellar growth simply because larger 
micelles imply large excluded-volume repulsion. Our work 
demonstrates that although the interparticle interaction 
does not play an important role in certain regions of the 
equilibrium phase diagram it is crucial in dictating the 
dynamic response of self-assembling micelles to flow. 
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